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Abstract 

We introduce the h-deformation of the algebra of functions on the grass¬ 
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Recently matrix groups like GL(2), GL(1|1), etc., were generalized in two 
ways. Both are based on the deformation of the algebra of functions on the 
groups generated by coordinate functions t^j that commute 

[t'i, = 0 . 

In the g-deformation of matrix groups [1], these commutation relations are 
determined by a matrix Rg so that the functions do not commute but satisfy 
the equation 

R,(T®T) = (/®T)(T®/)R,. 

In this equation the elements of Rq are numbers but the matrix T = (t*^) is 
formed by generally non-commuting elements of an algebra. 

Another type of deformation, so called the ” h-deformation”, which is a 
new class of quantum deformations of Lie groups and Lie algebras has recently 
been intensively studied [2-4]. These deformations can be important since the 
deformation parameter h can directly be identihed with the Planck constant, 
which makes them interesting for physical applications. The other important 
point is that the standard g-deformation and the h-deformation have been 
characterized as the only two deformations of SL(2) [3]. 

The goal of this paper is to develop the h-deformation for the case of 
grassmann matrix supergroups. We study the simplest grassmann supergroup 
Gr(l|l), here. The one parametric g-deformation of Gr(l|l), Grg(l|l), was 
given in Ref. 5. Before discussing the h-deformation of Gr(l|l), we give some 
notations and useful formulas in following. 

A grassmann supermatrix T, that is, an element of Gr(l|l), is of the form 

with two odd (greek letters) and two even (latin letters) matrix elements. The 
following closely follows the approach of Ref. 5. 


In this paper we denote g-deformed objects by primed quantities. Un¬ 
primed quantities represent transformed coordinates. 

Let us consider the following quantum superplane and its dual, denoted 
by Aq and A*, respectively [6]: 


x'e - qi'x' = 0, e'" = 0, 
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( 1 ) 



and its dual 


U' 



0 , r]'y' - q ^y'rj' = 0 . 


( 2 ) 


Suppose that the matrix elements of T' (anti-)commute with the coordi¬ 
nates of Aq and A*. Then, the endomorphisms 

f' :Aq —^ A* and f' : A* —^ Aq (3) 

impose the following bilinear product relations among the matrix elements of 

f': 

a'b' = q~^b'a', ol d = 

b'd = q-^dd, 5'd = q-^d5', 

a'5' + 5'a' = 0, a'^ = ^ = 5'^ (4) 

b'd = db' + {q — q~^)5'a' 

where g is a non-zero complex number and 7 ^ 1. These relations are the 
dehning relations of Grq(l|l). 

We introduce new coordinates x and ^ by 

U = g-^U' ( 5 ) 

where 

9=(vfe-l) 1 ) 

as in Ref. 7. Here the deformation parameter h is a grassmann number which 
has the following properties 

= 0 and = —^h. 

Now, in the limit g —1 we get the following exchange relations, which dehne 
the h-superplane Ah 


+ hx"^, = —hx^. 


( 7 ) 


Similarly, using the relations (2) with (6), one has [after taking the limit 
g —1] the dual h-superplane A*h as generated by rj and y with the relations 

rf = 0, yy = yy. (8) 
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We now consider the endomorphisms 

f:Ah —^Al and f : Al —^ Ah- (9) 

Then, we dehne the corresponding h-deformation of the grassmann supergroup 
Gr(l|l) as a quantum matrix supergroup Gr/i(l|l) generated by a, b, c and 6 
which satisfy the following h-commutation relations 

ab = ba + hb"^, ac = ca + h{bc + 6a), 

6b = b6 — hb"^, 6c = c6 — h{cb — a6), 
a^ = hab, a6 =—6a + h{6b — ba), ( 10 ) 

( 5 ^ = —h6b, be = cb + h{b6 + ab). 

It can be check that the maps 

: Ah ^ Gr{l\l) ® Al, : Al ^ Gr{l\l) ® Ah (11) 

such that 

/i(f/) =f®U, i.e. n{ui) = t{ ® Uj, 

IJ*{U) = T ®U, i.e. iJ*{ui) = ti ® Uj (12) 

dehne the co-action of the quantum group Gr/j(l|l) on the quantum superplane 
Ah and its dual Al, respectively. 

An interesting feature is that the second column of the matrix T G 
Grft(l|l) is isomorphic to Ah, though this is not so in GL/j(l|l) [7]. 

Alternativelly, the relations (10) can be obtained using the following sim¬ 
ilarity transformation which given by Aghamohammadi et al [4]: 

f' = gfg-\ (13) 

To do this, we use the relations (4) and next the limit q ^ 1. 

The quantum (dual) superdeterminant of T is again dehned as [5] 

Dh = bc~^ — ac~^6c~^ = c~^b — c~^ac~^6 (14) 

which is independent of the relations (10). It is easy to verify that Dh com¬ 
mutes with all matrix elements of T (and h), that is, Dh belongs to the centre 
of the algebra 

ft) = DT. 
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The inverse of T is defined as [5] 
/ -c-^6b-^ 


T-i ^ 


c ^ + c ^6b ^ac ^ 

\b~^ + b~^ac~^Sb~^ —b~^ac~^ 

provided b and c are invertible. 


( 15 ) 


We shall now obtain an R-matrix for the quantum grassmann supergroup 
Gr/i(l|l) from the R-matrix of Grq(l|l) which is introduced in Ref. 8. 


The associative algebra (4) is equivalent to 


JD qnfnnf _ _ rjifnnf p 


where [8] 


Rq = 


(q + q ^ 
0 

0 

V 0 


0 

-2 

q-q 

0 


-1 


0 

q-^ -q 
-2 
0 




0 

0 

0 

q + q~^ J 


(16) 


(17) 


Here, we used the tensoring convention 

= (f ® = (-i)"(^+')f 

inyhi = (/ ® fyhi = (i8) 

Note that although the algebra (4) is an associative algebra of the matrix 
elements of T', Rg does not satisfy the (graded) quantum Yang-Baxter equation 
(QYBE) 

R 12 R 13 R 23 = -^23-^13-^12- (19) 

Thus the QYBE is not a necessary condition for associativity. However, as 
interesting point, if we decompose the matrix Rg is of the form 


Ro — Rn R Rn 


( 20 ) 


where 


Rl = 


( ^ 

0 

0 


0 

-1 

0 

0 

0 

1 

1 

-1 

0 


0 

0 

wV 


Rq = 


(q-^ 
0 

0 

V 0 


0 0 0 \ 

—1 q~^ — q 0 

0-10 
0 0 qj 


( 21 ) 


then both matrices Rg and Rg do satisfy the (graded) QYBE. Thus we can 
say that the addition of two matrices satisfying the (graded) QYBE does not 
need to satisfy the (graded) QYBE. Also the equation (16) can be written of 
the form 

( 22 ) 


_ _ rp/rpf td2 

-'^<7-'i-'2 ~ -‘-2-‘-l^q- 


''~ri d 2 
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Let Qi and T* [i = 1, 2) be graded in the same manner as T'. It is clear 

that 

f[f' = Ghf^f^Gn and f= G.^^f^G.^, (23) 

where 

Gh = gig2^^ G-h = Gf^^. (24) 

Snbstitnting (23) into (16) we arrive at the eqnation 

GhRqGhTiT2 = —T 2 T 1 G-hRqG-h- (25) 


If we dehne the R-matrix R^ as 


Rh = lini (GhRqGh), 

q^l 

[after dividing by 2] we get the following R-matrix Rh 


Rh — 


(I 0 0 

-h -I 0 0 

-h 0 -10 


Vo h —h 1 / 

which gives the relations ( 10 ) with the equation 

RhTiT2 = —T2TiR-h- 


(26) 


(27) 


(28) 


Note that although Rh does not satisfy the usual graded and ungraded YBE 
(19) it satishes the equation 


(Rl2-Rl3-R23)(h) — (-R23 -Ri3-Ri 2)( —h), 


or, equivalently, 


R12-R13-R23 + -R23-R13-R12 — 2/3, 
where R is the 8 x 8 unit matrix and 


(29) 

(30) 


Ri 2 = R® Ri etc. 


Since 

Rl = i, 

the R-matrix Rh has two eigenvalues ±1. 
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